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Time-Domain Finite Element Analysis of Viscoelastic Structures
with Fractional Derivatives Constitutive Relations

Mikael Enelundxand B. Lennart Josefson'
Chalmers University of Technology, SE-412 96 Goteborg, Sweden

Numerical procedures for the time integration of the spatially discretized finite element equations for viscoelas-
tic structures governed by a constitutive equation involving fractional calculus operators are presented. To avoid
difficulties concerning fractional-order initial conditions, a form of the fractional calculus model of viscoelasticity
involving a convolution integral with a singular memory kernel of Mittag—Leffler type is used. The constitutive
equationis generalized to three-dimensional states for isotropic materials. A simplification of the fractional deriva-
tive of the memory kernel is used, in connection with Griinwald’s definition of fractional differentiation and a
backward Euler rule, for the time evolution of the convolution term. A desirable feature of this process is that no
actual evaluation of the memory kernel is needed. This, together with the Newmark method for time integration,
enables the direct calculation of the time evolution of the nodal degrees of freedom. To illustrate the ability of the
numerical procedure a few numerical examples are presented. In one example the numerically obtained solution
is compared with a time series expansion of the analytical solution.

Nomenclature
A = cross-sectional area
B = strain-displacementmatrix
b = uniaxial relaxation constant
bg = shear relaxation constant
bk = bulk relaxation constant
D = fractional differentiation operator
d(?) = nodal-degrees-of-freedom vector
E = instantaneous uniaxial viscoelastic modulus
Eq = ororder Mittag—Leffler function
E = relaxed uniaxial viscoelastic modulus
e,»jo(?) = deviatoric part of strain tensor
F(1) = external body force vector
fi(t) = shear memory kernel
f2(t)  =bulk memory kernel
G = instantaneous bulk modulus
G.(t) = shear stress relaxation function
G 0 = relaxed shear modulus
K = instantaneous bulk modulus
K = stiffness matrix
K. (1) =bulk relaxation function
K o = relaxed bulk modulus
k = instantaneous spring constant
k =relaxed spring constant
00
L = length
M = mass matrix
m = mass
N = shape function matrix
R(¢) = external load vector
s = Laplace domain variable
s;;(t) = deviatoric part of stress tensor
t =time
u(t) = displacement vector
U = displacement amplitude
14 = volume
Vo = velocity amplitude
a = uniaxial fractional derivative exponent
oG = fractional derivative exponent in shear
ox = fractional derivative exponent in compression
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By = parameters in the Newmark method
r = gamma function

AE = uniaxial viscoelastic relaxation strength
AG = shear relaxation strength

AK = bulk relaxation strength

AK = relaxation strength matrix

Ak = spring relaxation strength

At = time step

& = Kronecker delta

g;(t) = straintensor

v = Poisson’s ratio

P =density

a;(t) = stress tensor

D(1) = external surface traction vector

® = angular frequency

Subscript

k = element number

Superscript

e = elemental

I. Introduction

LASSICAL linear viscoelasticity can be formulated in three

different forms. The first form involves integer derivative oper-
ators actingon both stressand strain.! To describe the dynamic prop-
erties of materials with weak frequency dependence over a broad
frequency range requires a great number of high-ordertime deriva-
tives acting on both stress and strain. This makes the model cum-
bersome to use and leads to a high-order equation of motion when
incorporated into structural dynamics.

The second form involvesconvolutionintegrals.! To match the in-
teger derivative model, the kernels should be taken as exponentially
decaying terms. Once more, to describe weak frequency depen-
dence, many terms are required, which makes the model cumber-
some.

The third form uses internalvariablesand hasbeen introducedinto
structural dynamics by Lesieutre and Mingori® and more recently
generalizedto three-dimensionalstates by Lesieutreand Bianchini.?
The constitutiverelation is then formulated as a set of coupledequa-
tions. To match with the integer derivative form, the evolutionequa-
tions for the internal variables should be formulated as first-order
differential equations in time. A similar viscoelastic formulation,
used in finite element modeling, is the Golla—Hughes—McTavish
minioscillator model.*> The dissipative behavior is represented by
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transform-based dissipation coordinates at element level. Again,
many internal variables and parameters are required to match weak
frequency dependence, which can make these models also cumber-
some to use.

The constitutive modeling can also be done in the frequency do-
main by simply curve fitting a complex modulus to steady-state
experimental data in a limited frequency band. There exist several
conditions on the complex modulus that have to be satisfied for the
model to have a reasonablerepresentationin the time domain.® This
makes the complex modulus model unsuitableto use in time-domain
calculations.

By introducing fractional derivative operators instead of inte-
ger derivative operators in the constitutive equation of viscoelas-
ticity, the number of terms and parameters required to model weak
frequency dependence can be reduced significantly. The simplest
model, able to describe finite initial stiffness, containsonly a single
fractional derivative operator acting on both stress and strain and
only four material parameters. This model is commonly referred to
asthe fractionalcalculus modelof viscoelasticity,and it has success-
fully been fitted to experimental data over broad frequency bands
for several polymers.’

When the fractional calculus model of viscoelasticity, as for-
mulated with fractional derivative operators, is incorporated di-
rectly into the framework of structuraldynamics, the resulting time-
differential equation of motion is of a fractional order higher than
two. Hence, the fractionalhigher-orderequationof motions requires
initial conditions on nonphysicalquantities of fractionalorder (e.g.,
Refs. 6 and 8). Anadditionalform of the fractionalcalculusmodel of
viscoelasticityhasrecently been introduced into structuraldynamics
to avoid the difficulties concerningthe physical interpretation, justi-
fication, and verification of fractional-orderinitial conditions. This
form uses a convolution integral formulation and singular memory
kernel of Mittag-Leffler function type.’

Bagley and Torvik’ developed a Laplace-domain finite element
formulation for fractional calculus viscoelasticity using the deriva-
tive operator approach. This formulation is used by Bagley and
Torvik'® when studying transient response of a damped beam. In-
verse Laplace transforms must then be numerically calculated at
every point in time for which the response is demanded. Bagley and
Calico!! and Fenander'? expandedthe finite element (FE) equations
of motion by introducinga fractional-order state-space vector. The
resulting equations were decoupled by the complex eigenvectors of
the system. Time-domain responses were then obtained by a modal
synthesis approach. The major drawbacks with this formulation is
that the size of the problem is heavily expanded, and only small
one-dimensional problems have been studied.

The present study considers the development and solution of the
spatiallydiscretizedsystemof dynamic FE equationsfora viscoelas-
tic structure having a constitutive equation of fractional calculus
type. The fractionalcalculusmodel of viscoelasticityin the convolu-
tion integral form is generalizedto three dimensions and used when
formulatingthe FE equations. The resulting system of FE equations
is a system of integro-differentialequations of second order in time.
An expression for the fractional derivative of the convolution term
derived by Enelund and Olsson® in connection with the Griunwald
definition of fractional differentiationis used for time evolution of
the convolutionterm in the FE equations. A very desirable feature
of this procedure is that no actual evaluation of the memory ker-
nel is needed. Combining this with Newmark’s method for time
integration of the nodal degrees of freedom enables us to directly
calculatethe unknowndisplacements. The present formulation leads
to a somewhat more convenient numerical procedure for the time
integration than the numerical procedure developed by Padovan,'?
which employs the fractional derivative operator approach.

A few numerical examples are given to demonstrate the appear-
ance of the algorithm. In one case the numerically obtained solution
is compared to short time series expansionsof analytically obtained
solution where the order of the fractionaldifferentiationin the con-
stitutive relation is equal to a half.

II. Fractional Calculus Model of Viscoelasticity

For a viscoelastic material, the stress is not only a function of
the actual strain but also of the previous strain history. Isothermal

conditionsand isotropicmaterialsare assumed throughoutthe study.
Cartesian components of tensors are denoted by subscript indices,
and the summation convention for tensors is used. It is then conve-
nient to introduce the deviatoric parts, s;; of the stress tensor g; and
e;; of the strain tensor &;, as

Sij = Oy —%&j‘j'ka Si=snu+sn+s3=0 (la)
eij = &j —%&jgkka ei=en+en+e=0 (1b)

where % &, 0y and % & &« arethe hydrostaticparts of the stresstensor
and the strain tensor, respectively. Three-dimensional constitutive
equations for an isotropic linear viscoelastic material following this
decomposition can be written as two uncoupled sets of equations.
A three-dimensionalgeneralizationof the fractional calculus model
of viscoelasticity in fractional derivative operator form, according
to Bagley and Torvik,’ is

si;(8) 4+ bl D%s, (1) = 2G i (1) +2G beé D% e; (1)
0<az<1 (2a)
G (1) + b D™ au(1) = 3K (1) + 3KbE D™ gu(t)

0<ax<1 (2b)

Here G and G __are identified as the direct shear modulus and long-
time shear moﬁ%lus, respectively {G = E/[2(1 + V)], whereas K
and K _ are identified as the instaritaneous bulk modulus and long-
time bitk modulus, respectively,and K = E/[3(1_2V)]. Moreover,
D is a generalized differentiation operator of order ¢, and b; and
o are the relaxation constantand fractional order of differentiation
in shear, respectively, whereas bx and ok are the corresponding
relaxation constant and fractional order of differentiation in com-
pression, respectively. Note that, by letting ox = 0o =1 in Eqgs.
(2a) and (2b), the three-dimensionalisotropic generalizationof the
three-parameter model of linear viscoelasticity is retained.

A suitable definition of differentiation of general order for the
applicationto viscoelasticity is'*

dN 1 t
a I I (p—1 _
Dx(r)sd,A,[r(p)]o (t—0-"x(mdr|.  a=N_p
(3)
where 0 < p <l N is an integerthat satisfies a < N <o+ 1,and
00
I(x) = ] e~'r='dr, R(x)>0 4)
—Jo

where R denotesthe real part. Making the definition in Eq. (3) more
specialized to & (0, 1) (the interval of interest for application to
viscoelasticity) yields

« _ L 4 x@
DX(’)Er(l_a)dzUO (z_r)adf] ©)

Because Eqgs. (2a) and (2b) are differential equations (with the
presentdefinition of fractional-orderdifferentiation),they naturally
require initial conditions. The formal initial conditions are found
to be’

D_(I_D(G)Sij(0+) — 2GD_(1_%)6,']'(0+) (6a)
D=1 g, (0%) = 3K D=1 =% g, (0F) (6b)

These initial conditions are for o, ox ~(0, 1), a fractional inte-
grated form of the three-dimensional isotropic Hooke’s elastic law
and, thus, weaker conditions than Hooke’s law. Note that the given
initial conditionsallow for singularities in the strain histories. How-
ever, the work done to deform the material should be bounded for
states where the linear viscoelasticmodelapplies, which disqualifies
unbounded strains, i.e.,

<

oomla <o

“ & (D) di
0
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Keeping this in mind, the initial conditionto Egs. (2a) and (2b) can
be taken as

5(0%) = 2Ge, (0F) (8a)
au(07) = 3K g4(0%) (8b)

which are the elastic Hooke’s law. Equations (8a) and (8b) trivially
imply the initial conditions in Eqgs. (6a) and (6b) because these
conditions are integral conditions.

The equivalenceto Eqgs. (2a) and (2b) with initial condition equa-
tions (6a) and (6b) in convolution integral form is obtained by ap-
plying a Laplace transform to Egs. (2a) and (2b) and subsequent
inverse transform as

si,(1) = 2Ge,j(t)_2AG]0[f1(t_‘L')e,j(T)dT (92)

where

b
O ST T

and
ax(1) = 3K8kk(t)_3AK] Lt _Dew(r)dT (10a)
0

where

b agn_
= S o

where AK= K__K__is the bulk relaxation strength and AG =
G _ G __ is the shear relaxation strength. For o and oy E(O’ 1),
the memory kernels fi(#) and f5(¢) are singular but the singu-
larities are weak, and they are integrable. For a full derivation of
the correspondenceto Egs. (9b) and (10b) in the one-dimensional
case and a discussion of the properties, e.g., the regularity and the
convergence, of the memory kernels, see Ref. 6. Note that initial
conditions are automatically accounted for in Egs. (9a) and (10a).
Further, because the strains are bounded [see Eq. (7)], we have
(1 ei)(0F) = (f2 skk)(0+) = 0, and the model predicts an
instantaneous const1tut1ve response following Hooke’s law.

The infinite series in the memory kernels can be expressed in
Mittag—Leffler notation, and the kernels can be written as

fl(,):_w, £>0 (11a)
dr
and
) = _dE_[—c(ift/Al £>0 (11b)

where E, is the a-order Mittag-Leffler function!®

Xk
Ed[x] = 2m (12)

Specializingto a; = ax = 1 gives

fitn=+ e—(’/”() hn =7 e—(’”’K) t>0 (13)
which are the exponentially decaying memory kernels correspond-
ing to the three-dimensional generalization of the three-parameter
model of linear viscoelasticity, as expected. Using integration by

parts, we rewrite Egs. (9) and (10) as

s5;;(1) :] [ Gra(t —7)e;(7)dT (142)

where

Gri(t) = 2Goo+ 2AGE,, [_(t/bG)D“"'], >0 (14b)

and
t

qk(t) = ] Krel(t —

7) &« (7) dT (152)
where
Ka(1) = 3K o+ 3AK Eq, [_(t/bK)”‘K], t>0 (15b)

where a superposed dot denotes one integer differentiation with re-
spect to time, whereas G (¢) and K (7) are the stress relaxation
functions in deviatoric and volumetric deformations, i.e., the stress
responses on a unit step deviatoric strain and a unit step volumet-
ric strain imposed at time ¢ = 0, respectively. Singular kernels of
Mittag-Leffler functiontype were introduced into viscoelasticityby
Rabotnov.!® Koeller!” established this kind of kernel relationshipto
the fractional derivative model of viscoelasticity.

Bagley and Torvik'® showed that the uniaxial fractional calcu-
lus model of viscoelasticity predict a nonnegative rate of energy
dissipation and nonnegative internal work during harmonic excita-
tions if the parameters are subjected to some restrictions. For the
present three-dimensionalisotropic formulation, the equivalence to
the Bagley and Torvik!® restrictions[for o and oy g(0. D] are

K> K> 0, G>Gy>0, bs > 0, bx >0
(16)
Further, in the case of arbitrary loading, Rabotnov'® demanded that
the uniaxial relaxation function should be a positive kernel, i.e., if
(inthe isotropiccase) G (1), Kei(?) > 0,and7 5 0; G (1), Kra(2)
are monotonic decreasing functions f€hding to finite limits as ¢ _,
~and Gy (1), K.(2) are convex downward for the dissipation or
mternal work to be nonnegative. These requirementsare satisfied by
the relaxation functions [Egs. (14b) and (15b)] correspondingto the
fractional calculus model for o and ax (0, 1) if the parameters
are subjected to the restrictions in Eq. (16)- The reasons for this are
that the Mittag-Leffler function E,[__x] is a completely monotonic
functionfor 0 < & « 1 and x .0, i.e. (Ref. 15),

n dn p—
(=D dxn(Ea[_X])ZO, n=123,... (17
and
lim E[x] =1, lim Ey[x]=0 (18)
x50 *—00

Moreover, from Eq. (17) it also follows that the fractional calculus
modelrepresentsa fading memory in a ratherstrict sense becausethe
memory kernels[Eqs. (9b) and (10b)] are monotonicallydecreasing
functions of time, i.e., d f;(¢)/dt and d f5(¢)/dt < 0.

The following interesting properties of the convolution integrals
in Egs. (9b) and (10b) are useful for the numerical evaluationof the
convolution (for a derivation, see Ref. 6):

D% (fi yei) ()= —(1BXON i yei) (D) —ey(D]  (192)
Dy g ) (D) = —(1BEf> 480)(1) —&u(D]  (19b)

III. Structural Analysis

Now we restrict ourselves to polycrystalline materials with ran-
dom orientated fibers for which the order of fractional differen-
tiations and the relaxation constants in deviatoric and hydrostatic
relaxation may be assumed to be equal, i.e., 0 = ax = aand
b = bx = b. The constitutive relation equations (9a) and (10a)
can then be written as a single equation (in matrix notation):

0(1) = KMg[&(1) — (AKI K)(f 4&)()]+ GMg

w[E(1) —(AG/ G)(f 4&)(D)] (20)

where

MK:

S O O = = =
S O O = = =
S O O O O O
S O O O O O
S O O O O O

IOOO»—»—»—I
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$ 2 2000
-2 %2 2000

m=| 3 3000
0 0 0 100
0 0 0 010
0 0 0 001

and components ¢; and &; are collected in column vectors 0 and
& where strains and stresses are expressed using compressed matrix
notation following the ordering convention for strains,

& = &, & = &, &= &;3
& =283, &= 28, & =2¢&n
and for stresses,
o =0, G = G, Gy = Os3
O = O3, G = Gy, G = O

Moreover, in this case Egs. (192a) and (19b) can be written (in matrix
notation) as

DU &) = (N[ 4&)(1) —&(1)] 2D

with
(f 4507 =0
where
_ 1 n+1(t/b)‘m—1
S = ;2_1) T >0 (22

We will now discretize the structure studied by employinga stan-
dard displacement-based FE formulation. The assumed displace-
ment field within an element is expressed in terms of interpolations
of corresponding element nodal displacements as

uw(x,y,z, t) = N(x, y, 2)d(¢) (23)

where (u®)T = (uy, us, u3) is the displacement vector and ( )7 de-
notes matrix transposition, d is the element nodal degrees of free-
dom vector, and N° is the element shape function matrix containing
polynominal shape functions. The strains are related to the element
nodal displacements as

&(x,y,z,t)= 0 (x,y,z,t) = ON°(x, y, 2)d(?)
= B(x, y,2)d(1) (24)

where B* is the element strain-displacement matrix and 0 is the
appropriate spatial derivative matrix operator (e.g., Ref. 19).

Equations governingthe dynamicresponseofa viscoelasticstruc-
ture can be derived by using the principle of virtual work, which
states that for any compatible displacementsthe total internal work
is equal to the total work done by external loads. Using the FE for-
mulations for the element displacements and strains in Eqgs. (23)
and (24) and the constitutive relation in Eq. (20), together with the
principle of virtual work, yields the spatially discretized system of
FE equations

Md(1) + Kd(t) _ AK(f 4d)(1) = R(1) (25)

where M is the consistent mass matrix, so that with o the density
of element k and the number of elements (NEL),

NEL r
M= Z’ (N pNedV (26)
Ve
NEL r
K= Z’ (B)" (KiMx + G:Mg)B; dV 27)
Ve

NEL
AK = Z’ (B) (AK:My + AG:Mg)B.dV (28)
ve

consistent with external body forces F and surface tractions @,

NEL r NEL T
R(t):Zl (ND) F;,(z)dV+Zl (ND) @(1)dS  (29)
Ve s¢

Note that the preceding system of FE equations is a system of
second-order integro-differentialequations in time and, thus, only
requiresinitial conditionsonthe physicalquantitiesdand d, whereas
the inclusion of the fractional derivative form in Egs. (2a) and (2b)
into an FE formulation leads to a system of differential equations
of order 2 + o in time and requires initial conditions on D*-'d,
D%d, and D** ' d besides conditions on the physical quantities. An-
other advantage of the present formulation is that structures that are
viscoelastic in some parts only can be easily handled and the con-
volution term needs only to be calculated for nodal displacements
in viscoelastic parts.

With a suitable discretization of the time derivatives in Eq. (25),
the equations of motion can be solved for discrete times. Note,
though, that special consideration must be given to the convolution
term because it, formally, contains information of the entire time
history of the strain. Hence, in parallel with solving the discretized
system of FE equations[Eq. (25)], one has to find the time evolution
of the convolutionterm. Introducing the assumed strain field equa-
tion (24) into Eq. (21) and noting that the convolution is a scalar
operation gives

K{D“(f @) (@0 + (1 6M(f ¥@)(O) —d(OR=0 " (30)

Now, multiplying Eq. (30) from the left with the matrix transpose
(B°)T from the left, integrating over the element volume, and sum-
marizing contributions from all of the elements gives

C{D“(f «@) (1) + (1/6M[(f () —d}=0 G

where C'is a quadratic matrix

NEL r
C= Z’ (B)" B:dv (32)
Ve

which means that a possible FE approximationof Eq. (21) will be

DS g d)(1) = (/I yd)(1) —d(1)] (33)

The first term in Eq. (33) is a column vector containing convolu-
tions of the active nodal degrees of freedom d for the structure. In
practice, the structure will be restrained so that the quadratic ma-
trix C will never be singular. By multiplying Eq. (30) with (B*) we
employ, in principle, a Petrov—Galerkin method for determining an
FE formulation of the time evolution of the convolution term. We
might also consider Eq. (33) as the convolution evolution equation
fulfilled in a least square sense.

Note also that the assumptions of equal fractional order and re-
laxation constants considerably simplify the FE discretizationof the
evolution of the convolution term.

IV. Time-Integration Algorithm

Consider, first, the discretized time evolution of the convolution
term. A possible approximationof the fractional-ordertime deriva-
tive of a function x(7) is obtained by a truncation of Grunwald’s
definition of fractional differentiation'*:

1 n
(D )p41 = WZBj(a)Xn+l_j (34

with
Ij_o

Blo= v org+n

It is assumedthat the spacingintime is uniform,i.e., x(¢) = x(nAt).
The calculationsof B; () are simplified by the recursion formula

o _(_1_al_1_o
I'G+1 J ()

(35
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For convenience we rewrite the expression in Eq. (34) as

1 n
(D“X)n+1=W[xn+1+23j(a)xn+1_j] (36)

With the application of the backward Euler approximation (in
time) to the relation for the convolutionterm in Eq. (33) while using
Eq. (36), we obtain a possible approximation for the convolution
term in Eq. (25) as

__(Ap*®
(f *d)n+l - (Al‘)a+ba
b \“L
x[dn+l—(E) E Bi(a) (f yd)us1_; (37)

and the initial value (f 4d)(0*) = 0. Note that the whole time
history of the convolution term ( f 4d) for each nodal degree of
freedom must formally be saved and included in each time step and
that the nodal displacements should be known quantities at time
t,+1. Note that no actual calculation of the convolution term or
evaluation of the memory kernel is needed; this is a very desirable
feature because Mittag—Leffler functions do not converge easily.

Using the Newmark method for time integration, the nodal dis-
placement solution at time 7, , | is obtained from'’

. (A1)? . .
d,,1=d,+ Atd, + 3 [A_2Pd,+2Bd, 1] (38a)
and the nodal velocities from
dyi=d,+ A1 _y)d, + yd, ] (38b)

with initial conditionson d, and dy. The parameters Sand y are cho-
sen to control stability and accuracy. Using the preceding approx-
imations [Eqs. (38a) and (38b)], together with the approximation
for the convolutionterm in Eq. (37) and the system of FE equations
[Eq. (25)] evaluated at the end of each time step (that is, an implicit
approach),

Md, i +Kd, o) _AK(f yd)yii=Risi  (39)

makes it possible to calculate the unknown nodal displacementsand
their time derivatives. .

The initial acceleration d, is first calculated from Eq. (39). By
combining Egs. (382),(39),and (37)the nodaldisplacementsolution
d, . | is obtained from

dy=Ald Gk y 2 prgt
1 = L, + Atd, + > (1_2PB)d, + (At)*BM-' R,,,
(Al‘)zﬁbo‘ i n ]
——(A,)a+baM AKZBj(a)(f $@Dni1_; (40)
with

(Ap)” -
— 2 _1 _Aan=
A= {I+(At) B(M) [K_(At)aeraAK]}

where Iis the identity matrix. Using Eq. (37), we obtain (f yd), 1 1-
Inserting this into Eq. (39) gives d, + ;. Using Eq. (38b), we obtain
d,, |, and a new time step can be taken.

Letting 8= O and y = % (which implies no algorithmic damp-
ing) in Newmark’s method [Eqs. (38a) and (38b)] gives a nearly
explicit method, and the procedure for calculating the unknown
nodal degrees of freedgm becomes very simple. Again, calculate
the initial acceleration d, from Eq. (39), and d, | is then obtained
directly from Eq. (38a). The insertion of d, + into Eq. (37) gives
(f *d)n +1, and the updated accelerationd, ; | is now obtained from
Eq. (39). Using this, we obtain the updated velocity d,;; from
Eq. (38b), and a new time step can be taken. The nearly explicit
method is only conditionally stable. For an elastic material, i.e., in
this case letting AG = AK = 0, the critical time step is

Atelastic — 2/ Ohax (41)

crit

Here amay is the highest elastic or undamped eigenfrequencyof the
spatially discretized system [found by letting AG = AK = 0 in
Eq. (25) and solving the correspondingeigenvalue problem]. This is
believedto be conservative for the viscoelasticstructure because the
viscoelastic material weakens with increasing time, which results
in decreasing @y, .

V. Numerical Examples

Numerical examples are presentedto show the purpose and verify
the accuracy and convergence of the present numerical procedure.

A. Single-Degree-of-Freedom System

A one-degree-of-freedom system consisting of a discrete mass
and a viscoelastic spring governed by fractional derivative law, for-
mulated in analogy with Eq. (20), is considered. Similar examples
have also been studied by Enelund and Olsson.” The equation of
motion for the system is

mii(t) + ku(t) _ A(f yu) = R(1) (42)
with

u(0%) = uy and u(0%) = v,
where R(¢) is the applied force and u(¢) the displacement, whereas
() is the memory kernel in Eq. (22).

Considerthe case of o= % and an impulsive load applied at time
t = 0. As far as Eq. (42) is concerned, this is equivalent to having
zero load but specifying a nonvanishing initial velocity and zero
initial displacement. That is,

R(t) =0, t>0
(43)
u(0t) =0, u(0%) = v,
Note that, though the constitutive model employed requires knowl-
edge of the previous history to predict the actual state of stress,
nonvanishing initial conditions can be prescribed without presup-
posing the previous displacement history. The reason for this is that
any initial values of the displacementand the velocity can be accom-
plished by applying sufficiently large forces in an arbitrarily short
time interval preceding z = 0. The system is supposed to be load
free a long time before applying any load.
A straightforward application of the Laplace transform to Eq.
(42), with load and initial conditions according to Eq. (43), yields
the Laplace-domain displacement solution

-1
k _ Ak + k(bs)?

u(s) = mvo| ms* + T
1+ (bs)?

(44)

An asymptoticseriesas s __, od®

Vo Vok Vo(k —_ k 1

M(S‘) ~S =" =+ — = (45)
N ms mb2s2 N

A termwise Laplace inversion yields the first few terms in a series

expansion of u(7) as

kit 16voAkt3
V0t+ Vo t_+@t4) (46)

u(t) = vot _

6m 105mb?

Two different loading cases are studied,\an numerical values
used in the one-degree-of-freedan examples are m=1 kg, k=2
N/m, and Ak=1 N/m, whereas b= 1 s inFig. I and »=0.02 s in
Fig. 2. The nearly explicit Newmark method for numerical integra-
tion, i.e., B=0and y = % in Egs. (38a) and (38b), is employed in
both cases. Note that no algorithmic damping is introduced. The
time steps chosen are sufficiently smaller than the critical time step
in the elastic case. In Fig. 2, we use A7 = 0.1 A2 based on accu-
racy considerations. To show the accuracy of the numerical proce-
dure, the numerically obtained displacement is displayed and com-
pared to the time series expansion of the analytical displacement
solution in Eq. (46), for a unit pulse loaded one-degree-of-freedom
system with o= %, in Fig. 1. As seen in Fig. 1, the agreement be-
tween the numerical solution and the time series expansionis good,
which confirms the capability of the numerical procedure. Figure 2
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Fig. 1 Displacement vs nondimensional time #/b for a fractionally
damped one-degree-of-freedom system subjected to a unit impulsive
load at time ¢ = 0: ——, numerical solution; . and - , time series
expansion of analytically obtained displacement, using three and nine
terms, respectively, in the series.
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Fig.2 Displacement vs nondimensionaltime for a fractionally damped

one-degree-of-freedom system subjected to a unit impulse load at time

t=0:_90(=%; ._AO(:%;and pensd =%'

shows numerical displacement solutions in the case of a unit step
10c1d The influence of the fractional derivative exponent o (a_

1 and <) on the displacement s dlsplayed As seen in Fig. 2, osc11-
latlons are more damped with increasing order of the fractlonal
derivative exponent.

B. Viscoelastic Bar

The tip displacementfor a transient loaded viscoelasticfixed—free
bar is calculated by the present numerical procedure. Moreover, the
stability of the solution is exemplified and discussed. The bar is
modeled by five linear two-node bar elements. Geometry data for
the bar are length = 0.5 m and cross-sectionalarea = 0.0025 m?.

To begin, specialize the constitutive equation in Eq. (20) to uni-
axial stress states by letting ¢ = s = gy = & = g = 0. The corre-
spondingone-dimensionalrelationto Eq. (20) canthen be written as

o(1) = Ee(t) _AE(f 48)(1) (47)

where f(¢) is the kernel in Eq. (22). The bar material has uniform
properties, and the following viscous material data for a fictitious
polymer are used: p= 1000 kg/(m?), E=10 X 10 N/(m?), AE=
3¢ 10° N/(m?), 5=10.02 s, and o= 1

éi gure 3 shows the calculated material loss factors, i.e., the ratio
between the imaginary and the real parts of the frequency-domain
modulus, vs angular frequency for the material under consideration
and for a standard viscoelastic material (= 1). As seen in Fig. 3,
the frequencydependenceof the material loss factor is weaker when
using the fractional derivative constitutive law.

The finite bar element used is derived by using a linear displace-
ment interpolationfunction. For a bar element with a constant cross-

0.18

i —a=12 ]
0.16 N st

0.14
0.12

o
=

0.08
0.061
0.041
0.021

Material Loss Factor

10 10 10' 107 10 10
Angular Frequency [rad/s]

Fig. 3 Material loss factors vs angular frequency for fictitious vis-
coelastic bar material and standard viscoelastic material, X = 1.
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Fig.4 Normalized tip displacement d/dg,¢ vs nondimensional time /b
for a step loaded viscoelastic bar; coefficient of fractional differentiation
o= % is used: influence of different time steps is shown, and A tﬁ'r’:f"c i
the critical time step in the elastic case.

sectional area 4° and length L¢, we have (employing a consistent
mass matrix)

ke _ke _Ake

K= ke k"]’ AK = [ Ake Ake]
[Zm 18]
M e
2m

where k¢ = EAY/ L, Ak = AEA/L¢, and m® = pA°L‘/6.
The lowest and highest elastic or undamped eigenfrequencies of
the discretized elastic bar are found to be @,;, = 315 rad/s and
@yax = 3333 rad/s, respectively.

The numerical procedure using the explicit Newmark integration
method described in a preceding section is used for the time in-
tegration of the nodal displacements. The critical time step for a
similar elastic or undamped bar accordingto Eq. (41) is found to be
Arelstic = 0.6y, 10-" s. The free end of the bar is excited by a con-
centrated step load at time 7 = 0, described by a unit step function.
The calculated tip displacement is normalized with the quasistatic
long time displacement, i.e.,

FL .
Ay = AE_AD) - 0.29 3 10~°m (48)
Tip displacements for the viscoelastic bar using time steps close
to the critical time step in the elastic case [see Eq. (41)] are shown
in Fig. 4. If the time step chosen is equal to the critical time step,
we obtain a stable solution (also for considerably larger times than
showed in Fig. 4), whereas a larger time step leads to instability.
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This somewhat verifies that taking the critical time step for the
elastic case also is convenient for the viscoelastic case.

Figure 5 displays the tip displacement vs time for the bar and
loading under consideration, and the time step chosen is Ar =
0.5 Azetic Note that the asymptotic value of the displacement for
long times slightly differs from the idealized quasistatic long-time
value. The reason for this is the time needed for the material to reach
the long-time asymptotic value of its stiffness (E = E _AE) is
much longer than the time displayed in Fig. 5. Raxation curves,
i.e., the constitutive stress response on a unit strain, presented by
Enelund and Olsson,® indicate that the time required for the present
material to reach a value of its stiffness sufficiently close to its
long-time value is in the magnitude of ¢/ = 1000. The results in
Fig. 5 have been obtained without truncating the time series for the
convolutionterm in Eq. (37). However, it was found that practically
the same result can be obtained by using convolutionresults from
only a few previoustime steps.

Figure 6 shows the tip displacement vs time for the bar and, for
comparison, the tip displacement for a similar bar of a standard
viscoelastic material (obtained by letting the order of differentia-
tions equal one in the constitutive relation). Included in Fig. 6 is a
reference solution valid for oo = 1 obtained using the general pur-
pose FE-code ABAQUS/Explicit.2’ The small deviations observed
in Fig. 6, in the high-frequency contributions, can be explained by
the differentmass representationsused. In ourapproach,a consistent
mass matrix is employed [see Eq. (26)], whereas ABAQUS/Explicit
uses a lumped mass matrix, i.e., Eq. (26) replaced by a diagonal
matrix. Moreover, the explicit time integration routines used in the

15 T T T T T T " r r
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o s L ! s s s
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18 20
Fig.5 Normalized tip displacement d/dg,¢ vs nondimensional time /b
for a step loaded viscoelastic bar; coefficient of fractional differentiation

equaling % is used.
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Fig. 6 Normalized tip displacement d/dg,¢ vs nondimensional time /b
for step loaded viscoelastic bars: ——, tip displacement for a bar of
standard viscoelastic material, i.e., X = 1; ..., tip displacement for a
bar of fractional calculus viscoelastic material with & = %; and -,
reference solution for the case of X=1.

two codes differ slightly. These deviations diminish if we use a
lumped mass matrix approach. However, we prefer to use a consis-
tent mass matrix as it leads to a more accurate solution. Note that
aidenticalto 1 cannot be used in the present algorithm; instead we
use = 0.999. As seen in Fig. 6, the fractionalcalculus model leads
to higher damping (in particular, high-frequency contributions are
damped out) than the standard model. This is because of the weaker
frequency dependence of the material loss factor and because the
material loss factor is higher in the frequency range over the lowest
elastic eigenfrequency (cf. Fig. 3).

For larger structures, the time series in Eq. (37) might need to be
reduced due to storage requirements and the need to simplify the
calculations. This can, of course, be done in several ways, e.g., by
simply comparing the contribution from a subsequent term to the
sum, bearing in mind that the model represents a fading memory,
which as already indicated seems to result in a dependence on a
short part of the prehistory.

VI. Summary and Discussion

A three-dimensionalisotropic generalizationof the fractionalcal-
culus model of viscoelasticity using a convolution integral descrip-
tion with a singularkernelfunctionof Mittag—Leffler functiontype is
presented. This formulation is used in the developmentof a spatially
discretized finite element formulation of a viscoelastic structure.
The resultingdiscretized system of equations is a system of integro-
differential equations of order two in time. The system constitutes
a well-posed initial value problem, which is the main advantage of
using the convolution integral formulation. Another advantage of
the present formulation is that structures that are viscoelastic only
in some parts can be easily handled.

A procedure for a time integration of the resulting discretized
system of integro-differential equations is presented. Newmark’s
method is used for time integrationof the nodal degrees of freedom.
Special consideration for the time discrete evolution of convolution
termis required. A specialanalytical property of the kernel function,
togetherwith Grunwald’s definitionof fractionaldifferentiation,and
a backward Euler rule are used, which enables us to calculate the
convolution term. This requires that the actual nodal degrees of
freedom and the complete previous history of the convolutions are
known. A very desirable feature is that no actual evaluation of the
kernelfunctionis needed. Inthe case of the nearly explicit Newmark
method, the procedure becomes very simple and the unknownnodal
degrees of freedom may be calculated directly.

A few numerical examples for transient loaded one-degree-of-
freedom systems and bar systems are presented. In one example,
we compare the numerically obtained solution with an established
time series expansion of an analytical solution. The agreement is
very good. Moreover, the calculated displacements indicate that the
present numerical procedure is accurate and potentially very use-
ful for time integration of viscoelastic systems with a very flexible
description of the inelasticity and the damping.
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